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interpreted geometrically by observing that the differences a,—a,, b,—b,, for 
example, are the components of the vector P,P, ; therefore the vector of the result- 
ing translation is twice the vector sum 


4. An odd number of symmetries may be combined by combining the first 
with the product of all the remaining, which by 3 is a translation. Therefore, 
the product of an odd number of symmetries is a symmetry. If the symmetries 
are S,, S,, ...., Sox. their product is 


== — 2+ 2( don +4, ) 


y= + b,—b, +b, 


The center of the resulting symmetry is obtained from the center P of the first symme- 
try by applying the vector sum 


P,P, +P,P, +2... +P 


5. The application to be made depends essentially upon the fixed points of 
the transformations, 7. e. the points which are transformed into themselves. Ex- 
eluding points at infinity from consideration, we observe in the first place that 
in case of a symmetry there is one and but one fixed point, namely, the center of 
the symmetry. On the other hand, in case of a translation, there are no fixed 
points, except when the translation reduces to the identical transformation, in 
which case all the points of the plane are fixed. 


4 
§2. Muip-Pormnt PoLyGons. 


6. Consider any polygon whose vertices in order may be denoted by 
Q,; Qe, «++» Qn If the middle points of the sides are connected in order we de- 
rive a new polygon of the same number of sides which for brevity may be termed 
the inscribed polygon; the original polygon in its relation to the ‘derived is then 
termed the circumscribed polygon. For every polygon there is then a definite in- 
scribed polygon. The question now to be considered concerns the converse 
problem: Given an arbitrary polygon P,, ...., Pn, is it possible to construct a cir- 
cumscribed polygon, i. e., is it possible to find » points Q,, Q., ...., Q, such that 
P; shall be mid-way between Q, and Q,, P, mid-way between Q, and Q,, and 
so on until finally P, shall be mid-way between P,, and P,? 

To answer this question, take tentatively any point Q in the plane; con- 
struct with respect to P, the symmetric point; then with respect to P, construct 
the point symmetric to the one just obtained; and so in order until finally by 
symmetry with respect to P,,a point Q’ is obtained. The original polygon P,, ...., 
P,, thus defines a definite transformation by which to any point Q corresponds an 
unique point Q’. This transformation is simply the product of » symmetries 
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and therefore, by the previous section, is either a translation or a symmetry ac- 
cording as » is even or odd. 

7. Consider first the case of a polygon with an odd number of sides 
n=2k+1. The transformation from Q to Q’ is then a symmetry. There is, 
therefore, by §5 a single point which remains invariant under the transforma- 
tion. Denoting this point by Q,, we obtain from it, by successive symmetry 
with respect to P,, P,, ...., Pox, the points Q,, Qs, and Q, are 
then necessarily symmetric with respect to the last vertex Pz,,1, so that Q,, .. 
2x41 are in fact the vertices of the unique circumseribed polygon. 

Any polygon with an odd number of sides can be obtained as an inscribed poly- 
gon; there exists one and only one circumscribed polygon. 

The circumscribed polygon may be constructed by applying the result 
stated at the end of 4. The first vertex @Q, is obtained from the first vertex P, 
of the original polygon by applying the vector sum P, P, +P,P,; +....+PoePox+1; 
then the remaining vertices Q,, ...., Qox41, are obtained by successive symmetry 
as described above. 

8. If the polygon has an even number of sides n=2hk, then from 3 the trans- 
formation from @ to Q' is a translation which in general does not reduce to the 
identical transformation. In this case, from 5, there exists no fixed point, and 
therefore no circumscribed polygon. 

In the case of an arbitrary polygon of an even number of sides no circumscribed 
polygon exists, i. e., not all such polygons can be obtained as inscribed polygons. 

9. The construction will, however, be possible in the exceptional case where 
the resulting translation reduces to identity. If then we term a 2k-gon special 
when it is possible to cireumscribe a polygon about it, the result may be stated: 

Any special 2k-gon is characterized by the fact that the product of the symme- 
tries having for centers the vertices of the polygon is identity. 

The class of polygons considered may be defined otherwise as follows: 
From the formulae in 3, we have as the conditions for reducing to identity, 


— +a, =0 
Dox — + +b, —b,=0; 


which together express the vanishing of the vector sum 


The vanishing of this sum necessitates the vanishing of 
P,P, +P 


since for any polygon the vector sum of all the sides is zero. Therefore 

In any special 2k-gon the vector sum of the alternate sides vanish; this conidi- 
tion is also sufficient. 

The equation of condition above may also be written 


ifs 
i 
al 
ity 
<i 


A, Ag +A,+.... + 
k = k 


b, +b, b,+5,+.... + Dox 
k k 


which may be interpreted as follows: 

In any special 2k-gon with vertices P,, P,, ...., Pox, the mean point (or center 
of gravity) of the alternate vertices P,, P, ...., Pox. coincides with the mean point 
of the remaining vertices P,, P,, ...., Par. 

Both points obviously coincide with the mean point of all the vertices of 
the 2k-gon. 

10. For a special 2k-gon the transformation from Q to Q’ described in 6 
reduces to identity, so that every point of the plane is an invariant point. 
Therefore in constructing the circumscribed polygon any point may be assumed 
for the first vertex Q,, the other vertices then being determined by successive 
symmetry with respect to P,, P,, ...., Pox-1. 

About a special 2k-gon a double-infinity of circumscribed 2k-gons may be con- 
structed; otherwise stated, if it is possible to circumscribe one polygon about a given 
2k-gon, it is possible to circumscribe a double infinity. 

We shall now prove that among this double infinity of 2k-gons there is 
one which is itself special, so that abont any special 2k-gon it is possible to circum- 
scribe one and only one special 2k-gon. Let the first vertex QY, of any cireumscrib- 
ed polygon be z, y; then the next vertex Q,, obtained by symmetry with respect 
to P,, is —y+2b,; similarly Q, is r—2a,+2a,, y—2b,+-26,; final- 
ly, Qo is +291, —y+2b, If now the 
circumscribed polygon is to be special we must have 


which is equivalent to 


ky—(2k—1)b, +(2k—2)b, —....—box1=0 


These equations determine z and y, that is, the first vertex Q,, uniquely, 
which proves the theorem announced. 

The special quadrilaterals are simply parellelograms. About any parall- 
elogram a double infinity of quadrilaterals may be circumscribed, of which one 
is itself a parallelogram ; about this in turn a parallelogram may be cireumscribed 
and so on indefinitely. So for any special 2k-gon, one can not only inscribe 
special 2k-gons indefinitely, but also cireumscribe them. Again, just as the 
quadrilateral inscribed in a general parallelogram is itself an arbitrary parallel- 
ogram, so the 2k-gon inscribed in a special 2k-gon is not further specialized, but 
is an arbitrary special 2k-gon. 
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11. The second characteristic given in 9 gives the following construction 
for special 2k-gons. Take an arbitrary k-gon D’, D”, ...., D®; on each side con- 
struct a parallelogram, thus on D’ D” construct P,D,D,P,, on D” D’” construct 
P,D'D’’P,, finally construct D™ Py, ; then P,, P,, ...., Pox will con- 
stitute a special 2k-gon. To prove this we need merely observe that since the 
alternate sides P, P,, P, P,,...., are equal and parallel to D’ D’, D” D’”, re- 
spectively, the vector sum of the former sides is equal to the vector sum of all 
the sides of the auxiliary k-gon and therefore vanishes. 

It is seen from this that a special 2k-gon is completely determined by 2k—1 
of its vertices. For if P,, P., ...., Poy_1 are given we can construct the auxiliary 
k-gon by starting at an arbitrary point D’, drawing the vector D’D” equal to 
P,P,, then D’D’” equal to P,P,, ...., finally, D*-) D® equal to P2_3Pox-2; 
Py, is then found by drawing from P2,_, a vector equal to DD’. This is the 
generalization of the fact that a parallelogram is determined by three of its ver- 
tices (given of course in order). 

After the case k—=2 of the parallelogram, the first case deserving particular 
attention is the case k=3, 7. e., the special hexagon. Such a hexagon may be ob- 
tained, in accordance with the result above, by constructing parallelograms on 
the sides of an arbitrary triangle. Another construction is as follows: Take 
any two parallelograms ABCO, ODEF having a vertex in common; the remain- 
ing vertices ABCDEF constitute a special hexagon. The same hexagon may be 
obtained in this way by means of three distinct pairs of parallelograms. This 
may be generalized so as to apply to 2k-gons. 


The third characteristic stated in 9, in the case of a special hexagon 
ABCDEF, shows that the median point of the triangle ACE coincides with that 
of the triangle BDF; therefore the six lines obtained by joining each vertex to 
the mid-point of the opposite diagonal of the hexagon are concurrent, the point 
of concurrence being the mean point of the hexagon. 


§38. EXTENSION TO SPACE. 


12. The preceding results admit of immediate extension to space of three 
dimensions, and to higher spaces. In fact, the translations and central symmet- 
ries still constitute a group, and results for polygons in space follow in a manner 
entirely analogous to that employed above. One difference as to the character of 
point symmetries may be noticed: In the plane a point symmetry is identical 
with a rotation of the plane in itself through 180°; in space however point sym- 
metry is not equivalent to a rotation since in fact corresponding figures are not 
congruent but differ in the order of arrangement of their parts. If we consider 
a central symmetry in the plane as a rotation, the analogue in space would be a 
line symmetry, which is in fact rotation about an axis through 180°. However, 
in the application to space polygons only the symmetries of the former type, i. e. 
point symmetries with respect to the vertices, are considered. 

The results hold also for one dimension, that is, for sets of points in a 
line. Thus, for any set P,, P,, ...., P, there is a derived ‘‘inseribed’’ set consist- 
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ing of the mid-points of the segments, P,P,, P,P,, ...., P,P,. This set is entire- 
ly arbitrary if n is odd, but not if m is even; the characteristics stated in 9 apply 
almost literally to these special sets of points of the latter type. 


University, New York, January 15, 1903. 


ANALOG OF SYLVESTER’S DIALYTIC METHOD OF 
ELIMINATION. 


By DR. SAUL EPSTEEN. 


If the two equations 


have a root +, in common, we ean write 


+ 


Eliminating 7,3, 1, we obtain 


3 


0 
a 
=A. 
b 
b 


This is the well known dialytic method of elimination of Sylvester. 


We can deal with linear differential equations in exactly the same manner. 
Suppose there are given the equations 


1 dy 
44, (2) 4% +4, (2) (2)-y=0, 


dx® 


0 
0 
0. 
ay a, as as 
@ @, 
} & 
©) 
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If these equations have an integral y, in common we can, by differentia- 
tion, write 


dty 
4 


y,=0. 


(3, (3; +b y ,=0. 


20. 


dz?’ Yi> we find that 


Whenee, eliminating 


(4 o tar) (4, (42 +43) a,’ 
(3, "4.98 | <0, 


By 


for all values of z. 

The generalization to equations of order m and n is of course easy. 

This theorem is not to be found in any of the standard treatises or text- 
books. Indeed it is rather surprising that Schlesinger’s Handbuch der Theorie 
der linearen Differentialgleichungen, which is such a complete treatise on linear 
differential equations, does not contain it. The theorem was proved by Profes- 
sor von Escherisch in the Denkschriften der Wiener Akademie, Vol. 46. However, 
these Denkschriften have but a very small circulation in America and the volumes 
preceeding the 64th seem to be particularly rare. Even such complete collections 
as the University of Chicago Library and the John Crerar Library (Chicago) do 
not have them. Possibly this accounts for the oblivion in which Professor von 
Escherisch’s theorem has hitherto rested. Personally I have never been able to 
get a copy of Vol. 46 of the Denkschriften der Wiener Akademie to consult the 
paper at first hand and know of it only through the reference given by Heffter in 
Crelle’s Journal, Vol. 116. 


THe University or Cnicaao, December, 1902. 
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SUFFICIENT CONDITION THAT TWO LINEAR HOMOGENEOUS 
DIFFERENTIAL EQUATIONS SHALL HAVE 
COMMON INTEGRALS. 


By A. B. PIERCE. 


As a continuation of the preceding paper I propose to prove that the con-. 
dition A =-0 for all values of z is sufficient in order that two linear homogeneous 
differential equations shall have common integrals. I shall follow a method an- 
alogous to that used for the corresponding problem in the Algebra as given by 
de Comberousse.* Although the problem has been discussed heretofore, by von 
Escherich and Heffter, I believe this method has not been used before. 

Using the theorem that a linear homogeneous differential equation of the 
nth order has n and only n linearly independent integrals, I prove a sufficient 
condition expressed in linear homogeneous differential operators and then prove 
that we can obtain a form of the same character from the above mentioned 
condition. 

Represent a differential operator of order m as follows: 


qm-1 ad 


and by B, R, 8 similar operators of order n, p, q, respectively. Further, RAy 
shall indicate that we operate upon y with A and then upon the result obtained 
with R; the order of the result will be m+-p. 

LemMA: If two linear homogeneous differential operators A and B are such 
that RAy+SBy=0, where p<n, gm, then the differential equations Ay=0 and By 
=0 have at least one integral in common. 

Let RAy+ BSy=0; then m-+-p=n-+q. 

We will carry out our proof for m=2, n=3. 

Represent independent integrals of Ay=0 by ya,1, Ya,2, and similarly for 
B, R, and 8S. Now considering the differential equations 


RAy=0 and SBy—0, 


we know from our hypothesis that all the integrals which satisfy one of them 
must satisfy the other. Then y1, Yo,2, Yo,3 must satisfy RAy=0, or Ay. , 
Ayp,2 , satisfy the equation Ry=0 where p<2. 

Since we cannot have more independent integrals of the equation than its 
order, one of the following possibilities must be true; either 

(1) One or more of the expressions Ay, is zero; or, 

(2) One is a linear combination of the other two. 


*Algebre Superieure, Vol. II, Second Edition, Paris, 1887-1890. 
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The first case immediately gives us our theorem. In the second case we 
have 1, Ayo +-1, Ays2+1, where 1,, 1, are constants. This, however, 
we may write 


Al, + Al, yos=A (1, Yor t Yoo +l Yos) 0. 


That is, 7, yo.+1,yoo+1, 43 is an integral of Ay=0. Since it is also an integral 
of By=0, by hypothesis, our theorem is proved. By similar reasoning we can 
prove the following 

COROLLARY: Ay=0, and By=0, have, at least, m—q=—n—p independent 
integrals in common. 

THEOREM. A equal zero for all values of x is a sufficient condition that Ay=0 
and By=0 shall have at least one integral in common. 

Here, again, we limit ourselves to the case m=2, n—3, indicating the gen- 
eralization for the general case at the close of the proof. Then 


We will associate with each column of A a definite derivative of y which 
we will later use as a factor in connection with the elements of that column. 

Starting from the right with the first column, we will use y itself or the 
zero derivative; with the second column the first derivative, and so on in succes- 
sion, in general with the Ath column, the (A—1)st derivative. Let A vanish for 
all values of z. 

We will now divide the proof into two parts and carry each out separately 
although the method used in the second part includes the first as a special case. 

1. All first minors of A not zero. 

2. All first minors of A zero. 

1. Let the last column be one for which the minors are not all zero. 

Then multiplying the last column by y and adding to it all the other columns 
each multiplied by its corresponding derivative, and representing these sums by 
the letters A and B with subscripts, we obtain the following equation true for all 
values of + whatever y may be: 


th 
a, +a 
0 1 


| 
= 
' 
ay 
st 
ay a,” +2a,’+-a, a," +2a,' ay” 
pet: 
Goll 
a," +2a,' A, 
0 a,'+a, A, 
0 0 hy a A, |=0. 
0 79 7, B, 
Fo +), 7; +8» +s B, 
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However, A4,—Ay, A, Ay, Ay, and similarly, B,—By, B, 


Expanding according to the elements of the last column, and ealling the 
corresponding cofactors M and N, respectively, with subscripts in the inverse 
order, we have 


d? 


M, +M,-Ay+M,Ay +N, By + N, By=0. 


dx 


Writing R=M -M + M,,and S=V, N,, we have RAy+SBy=0, where 
p=2 and q=1. 

If the elements of the last columns have their minors zero, we proceed in 
the same way with some other column for which the hypothesis is satisfied. 

2. In this case the matrix obtained by cutting off the first column and the 
first and last rows of A’, will vanish, 7. ¢., all the determinants of highest order 
will vanish. 

Assuming that the minor determinants obtained from the elements of the 
first two columns do not all vanish, we will take those determinants of the mat- 
rix which have these two columns for their first two columns, and multiplying 
each by the derivative corresponding to the last column, we will add them all to- 
gether. This gives 


Adding the first two columns, each multiplied by its corresponding derivative to 
the last column, we may rewrite 


where the symbols A,, A,, B, have the same meaning as before. Expanding as 

d 

0 dx 

The next matrix cannot be zero, because then Ay would have all its coef- 
ficients zero, which gives a trivial ease. 


before, and writing R—M,-.-+M,, S=N,, we have RAy+-SBy=0. 


d | 
By. | 
| 
| 
| 
, di 
dy | | 
; 3 gy 4 dy 9 | 
Po +3 | 
ay’ a; A, 
0 A, | =0, | 
B, B, 
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If the first and second columns do not fulfill the conditions imposed, take 
two which do, and proceed in a similar way. With this, the proof for the case 
n=3 is complete. 

For the general case, the proceedure is similar; we have only to consider 
the possibility of other matrices vanishing. By using the following definition 
and properties, the general proof is quite evident. 

Call first submatrix of A the matrix obtained by cutting off the first col- 
umn and the first and last rows of A ; the second submatrix that obtained from 
the first by the same process; and so on successively. 

If any submatrix is zero all the preceding submatrices and A itself are 
zero. If A and B are not identical, and neither identically zero, then all the 
submatrices do not vanish. We proceed as in the proof above, with the last one 
which is zero. From this we easily prove the following 

CoRoLLaRY: If the kth submatrix be the first one, all of whose determinants 
of highest order do not vanish, then Ay=0, and By=0, have k independent integrals 
in common. 

On this foundation then, we find the number of independent integrals two 
linear homogeneous equations may have in common, and ean also find the equa- 
tion satisfied by these common integrals. 

I add the appt numerical cases as illustrations of the lemma: 


9 d 2 


2 2)2 
—S=(1-2z ) ae? )*. 
Then Ay=0 and By=0, have the common integral y=e*. 


ad? dy 
2. + +2?+25) +2)y, 


—2r+1). 


The common integrals of Ay=0 and By=0 are integrals of 
d?y dy 
dx? “dx 


GREIFSWALD, Germany, January, 1903. 
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NOTE ON THE POLAR OF A POINT AS TO A CONIC. 


By GEORGE R. DEAN. 


Let (z,, y,) be a point not on the curve, (x,, y,), (3, y3) the intersec- 
tions of a secant through (7,, y,) with the conic. The tangents at (z., y,), 


(75, Ys) are 


arr, +2fy, +e=0....(1), 
arr, +h(x,y+ry,) +byys + 29x, +2fy, +e=0....(2). 


What line does the equation 
are, + 29x, +2fy, +e=0....(3) 


represent? Subtracting (2) from (1), (3) from (1), and (2) from (3), we find 


(ar-+hy + 9)+(ha--by +f) 


(ax +hy+g)-+-(he+ by +f) 


+g) + (he-+by+f) —0.... 


Since Yo), (Zs, Yg) are collinear, 


say. 


Therefore (4), (5) and (6) are identical. That is, the same straight line 
(ax+hy+g)+(hx+by+f)m=0 passes through: all three vertices of a triangle, 
which can only happen when the three sides are concurrent. Hence (3) passes 
through the intersection of (1) and (2). 


Rota, Mo. 
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COMPUTATION OF LOGARITHMS. 
By A. W. WILLIAMSON, Augustana College, Illinois. 


A table of logarithms may be computed more expeditiously by using the 
original series than by the usual method. 


1 1 
I. + t+), 


Sum (2) by taking twice the sum of its mene terms from 1}. Find in 
like manner the logarithms of ,%, +}, #8, and 23. Then /3—/¢—14, 4—1,%—]3, 
—13, +12, =4$149, 111—1(11+10)+/10, 113 
—=1(1000+1)—177, 119 =1(400—1)—/21, 123—1(300—1) —113, 129 
=-1(2000+1) —/69. 

II. The following sets of series converge more rapidly. Find the logar- 
ithms of 13, 48 $1, 54, $8, $8, and as above. Then 121445 
+14, ete. 

III. Divide 1 by 2, the quotient by 2, and so on; then divide the first 
term by 1, the second by 2, ete., placing the divisors in a second column and the 
quotients ina third. The sum of the third column is evidently the logarithm of 
2. Subtracting twice the sum of the even terms of the third column from its sum 
gives the logarithm of 3. The logarithms of all other numbers up to 100 may be 
found by dividing terms of the first column including unity only by powers of 
10 and the number of the term. In computing an entire table this method would 
prove more expeditious than either of the preceding. 

=1(24 —1) — 18, I7=1(26 —1) —19, 111 =1(100—1) —19, 113, 119, and 129 
as above; 128—1(160+1) —17, —1)—133, B7= 
1(1000—1)—127, 141—1(2!°+1)—125, 1443=1(4000—1)—193, 147—1(800—-1)— 
117, 159=1(100 x 2'5 + 1280-+1)— 
121, 467=1201—13, 171=1(640 —1)—19, 173 =1(2® —1)—I7, 179=1(100 x 26 —1)— 
89=1(800+1)—I19, 197 —1(100 x 25 + 1) —133. 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 


165. Proposed by B. F. FINKEL. A.M., M.Sc., Professor of Mathematics and Physics, Drury College.Spring- 
field, Mo. ° 


A borrows $2000 and agrees to pay back principal and interest in 100 equal monthly 
payments. Find the monthly payment. What would he have to pay yearly on the same 
conditions in order to discharge the debt in 100 months? 


Solution by G. B. M. ZERR, A. M., Ph. D.. The Temple College, Philadelphia, Pa.; J. E. SANDERS, Hackney, 
0.; M. E. GRABER, Heidelberg University, Tiffin, 0.; and G. W. GREENWOOD, A. B.. McKendree College, Leban- 
on, Ill. 


As no rate of interest is named we will use 6%, and solve the second part 
first. 100 months—84 years. Let p=principal, r=rate, r—yearly payment. 
Then p(1+r)—x=what remains after first payment; p(1--r)?—2(1-+-r)—r1= 
what remains after second payment. 

mains after the eighth payment. 

pr(lt+r)&8+r) 120 x 1.5938481 x 3.06 


For monthly payments, 


_ 2000 x .005(1.005)'°° 10x 1.64666849 —$95.464 


ALGEBRA. 


168. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud. England. 
If vn, n+2, n+-6, n+ 8, n +12 are all primes, find the form of n. 


Solution by B. F. FINKEL. A. M., M. Sc.. Professor of Mathematics and Physics, Drury College, Springfield, Mo. 

Every prime number ends in 1,3,7,or9. Hence, n cannot end in 3, 7, or 9; 
for, if n ended in 3, »+2 would end in 5 and thus be composite ; if n ended in 7, 
n+8 would end in 5; if n ended in 9, n +6 would end in 5. Hence, » must end 
in 1, for n greater than 10. Hence, n is of the form 10m+1. The only value of 
n less than 10 is 5, the other primes being 7, 11, 13, 17, and 19. 

If m=10, n=11; n+2=—13, n+6=17, n+8=19, n+12—23. 

If m=100, n=101; if m=—148, n=1481; if m=1942, n=19421; if m= 
2101, n=21011; if m=2227, n—=22271; if m=43878, n—43781, ete. 
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169. Proposed by JOHN M. COLAW, A. M., Monterey, Va. 
Solve x? -+y+2=a....(1). 
x+y? +2—b....(2), 


I. Solution by L. C. WALKER, A. M., Graduate Student, Leland Stanford Jr. University, Cal. 


Eliminating z between (1) and (2); x between (2) and (3); y between 
(3) and (1), we obtain 


and 


By addition of corresponding members of (4), (5), and (6), we have 


(a—y) (47+ y—-1)+(y—2) (y+ 2-1) + (2 + 2@—1)=0....(7). 


It is easy to see that either z=y=<....(8), or r+y—l=y+2—1=-2+2—1 
—=0....(9) will satisfy (7). 

Now from (8) and (1); from (8), (2); from (8), (3); from y+z==1, (1); 
from z+a2=1, (2); and from z+y=1, (3); we obtain z=y=z=—1+)/(a+1), 
—14+y)/(6+1), or —1+)/(e+1), and 


a=+)/(a-1), 
y=+ (6-1), 
(c—1). 


II. Solution by G. B. M. ZERR, A.M., Ph.D., Professor of Chemistry and Physics, The Temple College, Phila- 
delphia, Pa. 


Let Then 


x*+s—az—=a, or 
+s—y=b, or y=$+)/ [b—s+4]....(2), 
2° +s—z=—c, or [c—s+4]....(8). 


(1)+(2)+(@) gives s=3+ [a—s+4]+y [6—s+4]+y [e—s+4]}. 
Let s—4—m....(4). 

Then m—}F [b—m]+yp [e—m}]}....(5). 

Squaring (5), 


—3m+ +a—b—c=2,/ {[b—m][ce—m]} +2(m— [a—m]....(6). 

Squaring (6), 

m4 +m’ —2(a+b+e+$2)m? + +b? +825 
—2(ab+ac-+-be) {La—m][b—m][e—m]} 

or m*+m* —Am*? + Bm+ C=+8(m—}$)// {[a—m][b—m][e—m]}, suppose. 
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Squaring this last equation 


m8 +2m*+(1—2A)m® + +A? 
+20+2B]m+ + [64(ab+ac-+- be) —160(a+6+¢) +100+20—2B]m$ 
+ [160(ab+ac+- be) —100(a+6+¢)—64abe + B®? —2A C0] m* 
+[100(abd + ae + be) +160abe + 2BC]m+ —100abe=0. 


This equation gives m. m in (4) gives s, and s in (1), (2), (3) gives a, y, z. 


Also solved by MARCUS BAKER, who combines 169 and 173 under one solution. 


170. Proposed by S. F. NORRIS, Baltimore City College, Baltimore, Md. 
Find by strictly quadratic methods at least one set of values of x and y in 
the equations +r—a—38, and zy+y?=b=15. 


Comments and Analysis by MARCUS BAKER. Washington. D. C. 

The values of zy and of x from the second equation substituted in the first 
one give an equation in y; and similarly the values of zy and of y* from the second 
equation substituted in the first one give an equation in z. The two equations 
resulting from this elimination are 


x5 -+-(b? —a)x++2bx? + (1 —2ab)xr? —2ar+-a* —0....(1), 
ys —2by* — + (b® —a)+0=—0....(2), 


equations of the fifth degree and of course insoluble by quadratics. Restoring 
numbers, the equations become 


+ 187r4 +30r* — 11392? — 76x + 1444—0....(3). 
—30y3 — y?+-187y+ 15=0....(4). 


It is obvious by inspection of the original equations that r—2 and y=3 
are a pair of roots; therefore (3) is exactly divisible by r—2 and (4) is similarly 
divisible by y—3. Performing this division there results 


+ 4082? —3232r—722=—0....(5), 
3y>— Zly?— 5--0....(6 


equations of the fourth degree. Can these equations be solved by strictly quad- 
ratic methods? The answer depends on the meaning of the italicized words. 
Every quartic is solvable after the manner of quadratics in terms of an auxiliary 
involved in a cubic equation; and every cubic is solvable after the manner of 
quadraties in terms of an auxiliary involved in a quadratic equation; and every 
quadratic is solvable in terms of an auxiliary involved ina simple equation. In 
a certain sense, therefore, every biquadratic is solvable by quadraties. If by 
strictly quadratic methods it is implied that the auxiliary involved in the eubie is 


fo 
a 
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excluded it only remains to apply the test for determining whether in the pro- 
posed equations (5) and (6), the auxiliary cubic is necessary. The general quartic 


tax’ + br? --er+d=—0 


is solvable by quadratics, without the intervention of a cubic, as shown by 
Thomas Simpson, in his Algebra, in three cases, viz., when 


c=4taf, or or 2,/df, 


where, for brevity, f=b— 4a*. Considering equation (6), 


a=+3 d=-—4 
f=—23} 
c=—64 


whence saf—-—34§ ; a)/d=3)/ —5; 2y/df=5y/31. 
As none of these quantities equal c, the conclusion is that y, and similarly 
x, cannot be determined by strictly quadratic methods. 
Also solved by J. E. SANDERS, and G. B. M. ZERR. 
GEOMETRY. 
191. Proposea by J. V. ADAMS, St. Louis. Mo. 


Trisect any angle by means of the hypocycloid. 


Solution by G. B. M. ZERR. A. M.. Ph. D.. The Temple College. Philadelyhia, Pa.; JOHN J. QUINN. Warren 
High School, Warren, Pa.; and M. E. GRABER, Heidelberg University. Tiffin. 0. 


Let EAE’ be an are of the hypocyeloid from cusp to cusp; R=radius of 
fixed circle ; r=radius of generating circle; AQB the central generating circle; C 
its center; Q any point on this cirele. Join QB, QO. With QO asa radius and 
O as a centef describe the are QD meeting the hypocycloid in D. Let GDF be 
the generating circle when D is the generating point, GHF its diameter. Draw 
DF; construct angle BOK=—to angle ACQ. Now 
are GD=are AQ, are BQ=are DF=arcFE. 

..are GD=are BF=are AQ. Are BF 
measures angle BOF, arc AQ measures angle 
ACQ. Butare BF=r/R arcBEK. 

.. Angle BOF=r/R angle BOK=r/R 
angle ACQ. If R=3r, angle BOF—fangle ACQ. 

Therefore, by means of a suitable hypo- 
cycloid any angle may be divided in any given 
ratio. This property is applicable to the epicy- 
cloid also. 


Also solved by the PROPOSER. 
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192. Proposed by ALFRED HUME, C. E., D. Ss., Professor of Mathematics, University of Mississippi, Uni- 
versity, Miss. 


Of all triangles with a common base and inscribed in the same circle, the isosceles 
is the maximum and has the maximum perimeter. Prove geometrically. 


Solution by G. B. M. ZERR. A.M., Ph.D., The Temple College, Philadelphia, Pa., and JEANNETTE BROOKS, 
S. B., Chicago, Ill. 


Let ABC be the isosceles triangle and ADB any other triangle, AD> DB. 
Produce AD to F, making DF=DB. Draw CF, BF, CD, DG. Then 2 ADC= 
ZFDE; Z ADC is measured by BDE. 

LADC= BDE= Z FDE. 

.. CDE is perpendicular to BF at its 
mid-point. .-. CB=CF. 

Now AC+CF>AF. But AF=AD-+ DB, 
and AC+CF=AC+ CB. 

AC+CB+ 
AB>AD+ DB-+-AB. 
AADC ACxAD 
ABDC BCX BD’ 

AADC> ABCD. Take away the com- 
mon triangle CHD and we get A AHC=a BHD. 

4A AHC> AABH+A BHD... AABCD> A ABD. 

Also solved by CLARENCE A. SHORT, and LON C. WALKER. 


but AC=BC and AD> BD. 


CALCULUS. 


158. Proposed by L. C. WALKER, A. M., Graduate Student, Leland Stanford Jr. University, Cal. 


It is required to cut a hole a inches square, for a crank shaft, through the center of 
a grindstone b inches thick at the outer edge, c inches thick at the center, and d inches in 
diameter. How many cubic inches will have to be cut out? 


I. Solution by WILLIAM HOOVER. A. M., Ph. D., Ohio University, Athens, 0., and G. B. M. ZERR, A. M., 
Ph. D., The Temple College. Philadelphia, Pa. 


The equation to a right circular cone, its base being the plane of z, y, and 


center the origin of codrdinates, is +y° ; r, the radius of base, and 


h, the altitude. In this example, h—4c, and = The required volume 
1 


=f ff dzayae. The limits of z are : 1 


V (2 of y, 4a, —4a; of r, 4a, —4a. 


— 
A 


2x 


a 
=a?e(1 — 2+log /2))). 
Also solved by the PROPOSER. 
II. Solution by G. W. GREENWOOD, B. A., Professor of Mathematics and Astronomy, McKendree College, 
Lebanon, 


Take the center of the grindstone as origin, Oz being the axis, and Ox, Oy 
being perpendicular to the sides of the opening. Using 2z, r,  codrdinates, the 
limits will be, respectively, 


ed—2r(e—b) a 
2d  2eos0’ 


cos*é 


cos? [1/2—log tan 47]. 


159. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College 
Defiance, Ohio. 


1 /du 
Solve dx? 


I. Solution by: WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio Uni- 
versity, Athens, Ohio. 


This is solved in Forsyth’s Differemtial Equations, Edition of 1885, Art. 
259, where a® is the ‘‘m’’ of this problem, and is by Poisson’s extension of a 
method due originally to Laplace. In the article referred to we have given 


“ —@ 


with ‘‘another form may be given to this result by substituting 4 for r+2uatt. 
Then uw becomes 


1 
—, (x -A)*? 


Now /(4) is an arbitrary function; if we choose to assume its value to be zero 
everywhere except when 4=r, and then write f(A)dA=H, we have 


e—|(x—r)? 4a*t] 9? 
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II. Solution by L. C. WALKER, A. M., Graduate Student, Leland Stanford Jr. University, Cal. 
The equation may be written 


d d \2 d 
[ from which u= 


By integrating with respect to ¢t, we get 


dz? ' 12 det 


u == dz*) — d(x) + mt — 
By integrating with respect to z we shall have two arbitrary functions of 


t, since the differential with respect to x is of the second order. Now writing 
the equation in the form 


dx dc m: (5) 


we obtain we" + mi (a dt) 


2 dF(t) | 1 at d? F(t) 


df(t) 1 2 -d?f(t) 


where $(t) and (d/dt)} [4(t) —¢()] 
This is the equation for determining the linear transformation of heat in 
an infinite solid. 


Also solved by G. B. M. ZERR, and M. E. GRABER. 


MECHANICS. 


149. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud. England. 


From two points in the same horizontal line hangs a light inextensible string, on 
which are threaded two beads of equal mass. The beads start from rest in the position in 
which the terminal portions of the string are vertical and move symmetricaliy towards 
each other in the vertical plane. Find the path of each bead, and the tension of the string 
at any point in the path. 


Solution by G. B. M. ZERR, A. M.. Ph. D., Professor of Chemistry and Physics, The Temple College, Phila- 
delphia, Pa. 


Let A, B be the points from which the weightless string hangs; D, C the 
position of the beads when the string is stretched and the beads are on the point 
of starting so that AD, BC are vertical; let the mid-point of KL be the origin; 
E, F the position of the beads at any time; 2a:-=length of string; 2,=AB; W= 
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weight of each bead; (zx, y) the codrdinates of F. Then 
we have ;/(HB?+ HF*)+4EF=a. 
VY L(b—2)?+(a—b+ y)? ]+2=a, 
or y? +2(a 
or (y+a—b)? +2(a—b)e—(a—b)(a+ 
(yta—b)*? =(a—b)(a+b—2r), this is the locus 
of the bead F. .-. Each bead describes the are of a parabola. Let T=tension of 
the string at any point, 0—/HFB; resolving vertically, $ZTcoso=—W, or 
T=2W/cos?. Now 1/cosO=BF/HF=  [(b—2)*-+ (a—b+y)? ]/(a—b+y). 


When x=), y=0, and T=2W. 
‘(a® —b*)—(a—b), T=2aW/)/ (a? 


DIOPHANTINE ANALYSIS. 


104. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, Ohio. 


(1). The cube root of three cube numbers equals the square root of two square num- 
bers. Determine the numbers. 

(2). The sum of the square roots of three square numbers equals the sum of the cube 
roots of three cube numbers. Determine the numbers. 


Solution by B. F. FINKEL. A. M., M. Sc., Professor of Mathematics and Physics, Drury College, Springfield, Mo. 


If we assume the three cube numbers to be z’*, y*, and 23, and the two 
square numbers to be u? and v’, we are to find values of z, y, z, wu, and v so that 
the equation x+y-+z=—u-++-v shall be satisfied. Any four of these values may be 
selected at pleasure and the fifth one may then be determined. For example, let 
z=1, y=2, u=3, v4. Thenz=4. The cube numbers are 64, 8, 1, andthe two 
square numbers are 9 and 16. By assuming any values whatever for y and 2z, 
and any values of u and v such that their sum is greater than the sum of y and z, 
us many positive numbers may be found satisfying the conditions of the problem 
as may be desired. The second part of the problem may be solved in the same 
way. 


105. Proposed by HARRY S. VANDIVER, Bala, Pa. 


Every odd factor of a”-+-b” is of the form 1(mod2n). 


No solution of this problem has been received. 


106. Proposed by L. C. WALKER, A. M., Graduate Student. Leland Stanford Jr. University, Cal. 


There is a series of rational triangles whose sides have a common difference of unity. 
Calling the one whose sides are 8, 4, 5 the first triangle, find the sides of the next five tri- 
angles, and a general expression for the sides of the nth triangle. 
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Solution by M. A. GRUBER, A. M., War Department, Washington, D. C.; CHAS. C. CROSS, Memphis, Tenn.: 
and J. E. SANDERS. Hackney, Ohio. 


Let z—1, x, and x+1=the sides of a rational triangle. 

Then, (Area)? = 16 Oo 

3(7? —4)=0 ;s and (8m? +4). 

To rationalize (3m*-+4), we use the convergents of the ;/3=}, 3, 4, 
19, 28, 71, $4, 793, $85, ete. Beginning with and taking the alter- 
nate convergents, we put z=twice the numerators and m=twice the denomina- 
tors, and obtain the following set of pairs of values: 


r—4, 14, 52, 194, 724, 2702, ete. 
m=2, 8, 30, 112, 418, 1560, ete. 


... The sides of the first six triangles are 3, 4,5; 13, 14, 15; 51, 52, 53; 
193, 194, 195; 723, 724, 725; 2701, 2702, 2703. The area=3mz/4. 

Taking x,_2 and z,_,; as any two consecutive middle sides, we find the next 
middle side, or 2,=42,;_1—%n_2. This law of formation gives the following gen- 
eral expression for the middle side of the nth triangle, using 4 and 2 (—middle 
side of ‘‘straight line’’ triangle) as the middle sides of two consecutive triangles : 


_5)(n—6)(n—7)(n—8 ~4)(n—5 


_ (n—5)(n—6)(N—7) (n—6) 
2x3 2x3x4 


In finding values, we use those terms only which, in the substitutions for 
n, have positive and zero exponents. 
Take n=5; then z,—4[44—3 x 4° + 4° ] —2[ 4% —2 x 4°] =724. 


Excellent solutions were received from G. B. M. ZERR, J. SCHEFFER, and the late J. H. 
DRUMMOND. 


AVERAGE AND PROBABILITY. 


128. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Chemistry and Physics, The Temple College, 
Philadelphia, Pa. 
Two small circles are drawn on the surface of a sphere so as to intersect; find aver- 
age area of the spherical triangle formed by joining the poles and one of the intersections 
of the small circles with arcs of great circles. 


Solution by the PRO: SER. 

Let A and B be the poles of the two small circles; C their intersection ; 
join AC, BC, AB by ares of great circles. Giving AB, AC, 
BC all the values within the limits of the problem, we are re- 
quired to find the average area of ABC; and we may consider 
one of the poles, as A, to be fixed. Let r—radius of sphere, 
are AC=rz, BC=ry, AB=rz, CAB=0, CBA=q, Z ACB 
area 

Then cosz—cosreosy + sinzsinycos¢....(1). 

sinzcos6 = sinxeosy — cosrsinycosy’....(2). 
sinzeos y= coszsiny — sinzcosycosy’....(3). 

An element of surface at Bis 2zr*sinzdz. The limits of x are 0 and 4-; 
from y=0 to y=2, the limits of z are r—y and r+y; and from y=a to y=$4z, the 
limits of z are y—x and y+z. Hence the required average surface is 


y ry + 
J x 


r zr? sing 


[ f (0+ p-+-¢ —=)dysinedz + 
frp + ¢—7)sinedz=— 20cos* 4z—2 cos? 2 —¢'cosz + + 2 cos" 


+2f cos*sedyp +  coseds 


Now dé = —sinycos peoseczdy....(4), 
From (1) and (3), 

sinzcosy =sin(«--y) —2sinreosycos* 4¢....(7). 
From (4), (6), and (7), 


“2sinycos® dzsinzcosg dy siny sinzcos dy 
sin®z 2sin? 42 


ssiny { ( 2sinzeosycos® $¢/ 


sin’ $(r+y) —sinzsinyeos? 4¢ 


sing 


=—/cosy—-2tan 
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Similarly, of cos* sed + 2tan ( sind(y—2) ‘ 


cosedy= (cosrcosy-+ sinzsinycosy + sinxsinysin¢g. 


When z=2r+y, 06=g=—0, ¢=7; when z=r-—y, 6=¢=0, 6=7; when z= 


f, | (3 + cosreosy — cosr—cosy)dy 
0 0 
+ f (3+ eosreosy —cosr—cosy)dy 
x 
"hr 
A f f (3--cosreosy —cosr—cosy)dxdy 
o”o 


f (322 +4+4—47) 


129. Proposed by J. K. ELLWOOD, Principal of Colfax School, Pittsburg, Pa. 


A and B play with two dice, A throwing. If he throws 7 or 11, he wins; if he 
throws 8, or two aces, or two sixes, Bwins. Butif he throws 4, 5, 6, 8, 9, or 10, he con- 
tinues throwing to duplicate this throw, in which event he wins; if in throwing, however, 
he throws 7, B wins. What is the expectancy of each? [This is the regulation ‘‘crap’’ 
game, B being banker.] 


Solution by G. B. M. ZERR, A. M., Ph.D., Professor of Chemistry and Physics, The Temple College, Philadel- 
phia, Pa. 
The chance of throwing 7 or 11 is 3; the chance of throwing 2, 3, or 12 is 
4; the chance of throwing 4, 5, 6, 8, 9, or 10 is 3. If A throws 4 the first throw 
the chance of winning the second throw is ,';.3; of winning the third throw is 
A’s chance of winning on 4 is $+ ,'5.8[1+ 
A’s chance of winning on 5 is $+ }.3[1+4i+({2)?+Gi)?+.,..J=i. 
A’s chance of winning on 6 is + '+....J=23. 
A’s chance of winning on 8, 9, or 10 is the same as for 6, 5, or 4. 
A’s B’s chance—1— 
If the wager is given their expectation follows at once. 
Also solved, with different results, by W. W. LANDIS, 


MISCELLANEOUS. 


128. Proposed by J, E. SANDERS, Hackney, 0. 


The sides of a trapezium are a=29, b=32, c=40, and d=86. If ¢ is opposite a, and 
the diagonals equal, what is the length of either diagonal? 
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Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Chemistry and Physics, The Temple College, Phila- 
delphia, Pa. 


Let AD=a=29, BO=q=32, CD=c=40, DA=d=36, AC=BD=z, Z DOA 
=0. Project AD, BC, AC on BD. 


e=deosA Multiply through by 2z and write, 
—eos(A DB+ CAD) for cos@. 


22% =2dreosA DB+ 2breosCBK —2zx*cos(ADB+CAK); 2dreosAKB= 
d?+2*—a*; 2brcosCBK-=d* Substituting, 


—a® + d* —c? —1/2d? (d* +2? —a*)(d*? +2? —c*) 
+1/2d? {[4d?x* —(d*? +2° —a?)* —(d? + —c*?)? }}. 


Reducing and collecting, 


226 — (a® + b? +d? +[a® (b? +-d? ) +b? —2d?) +c? d? 
+(ac—bd)(ac + bd} (a? —b? —d?)—0. 


Restoring numbers, —4761z4+317712zr? + 2238016—0. 
=48.07 nearly. 


Also solved by LON C. WALKER, J. SCHEFFER, and D. B. NORTHRUP. Mr. Nortbrup’s result 
agreed with Professor Zerr’s and was obtained by the method of trial and error. 


129. Proposed by J. SCHEFFER, A. M,, Hagerstown, Md. 


How high above the surface of the earth must an observer be elevated at 
the latitude ¢(-—39° 19’), the declination of the sun being (23° 27’), in order 
to see the sun at midnight? 


Solution by the PROPOSER. 

The sun will be seen at midnight when the tangent drawn from the point 
to the earth strikes the sun when on the meridian at midnight. Denoting the re- 
quired height above the earth by h, the radius of the earth by R, the latitude of 
the place by ¢, and the declination of the sun by 4, we easily find sin(¢+0)= 
R[1—sin(¢+4)] 

sin(¢+0) sin(¢@+d) 
For ¢=39° 19’ , d=23° 27’, we get h=495 miles, nearly. 


Also solved, with slightly different results, by G. B. M. ZERR, S. HART WRIGHT, and G. W. 
GREENWOOD. 


whence h= 


R+ 


if 
i] 
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PROBLEMS FOR SOLUTION. 


ALGEBRA. 


174. Proposed by HARRY S. VANDIVER, Bala, Pa. 
If the quantity x be expressed in the form of a continued fraction P,/Q, 
denoting the (n+1)th convergent, with z, the corresponding complete quotient, 


then 
P, 


175. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 
3 


Find the conditions that y _-+ — bee =1, where m may be a, b, 


m+ m—l 


or ¢. 


176. Proposed by MARCUS BAKER. U. S. Geological Survey, Washington, D. C. 
Solve y?+z=a....(1), r+y? +2*=D....(2), 2? +y+2? =e....(3). 


GEOMETRY. 


197. Proposed by L. C. WALKER, A. M., Graduate Student, Leland Stanford Jr. University, Cal. 


Two points P,, Q, are on a generator of a hyperboloid, and P,, Q, the 
corresponding points on a confocal hyperboloid. Prove P,Q,=P,Q,. 


198. Proposed by JOHN J. QUINN, Professor of Mathematics, Warren High School, Warren, Pa. 


Trisect an angle, (1) by means of the cissoid ; (2) by means of the paraboloid. 


199. Proposed by F. ANDEREGG, A. M., Professor of Mathematics, Oberlin College, Oberlin, 0. 


Two verticies of a given triangle move along fixed right lines; find the locus of the 
third. [From Salmon’s Conies, Sixth Edition, p. 208, ex. 10.] 


CALCULUS. 


163. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, Ohio. 


Can there be a plane curve the length of which varies directly as the abscissa and in- 
versely as the ordinate of any point on the curve? 
164. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Chemistry and Physics, The Temple College, 
Philadelphia, Pa. 
If m? p—=A, sin? 0(m? cos? cos* 
+6°c*sin® p(n? cos? 6) =B, )/(1—m? sin?0)= A (0),)/(1—n? sin? gp) =A (9g), 


Cit = ABdidp 
prove tha g (arb 
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MECHANICS. 


i | 153. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud. England. 


An equiangular polygon consisting of equal, freely jointed rods, is hung up from a 
| vertex, A. The vertices adjacent to A are connected by a light rod of such a length that 
the polygon is still regular. Find the stress in the rod and the reactions at the vertices. 


154. Proposed by M. E. GRABER, Graduate Student, Heidelberg University, Tiffin, Ohio. 


Find the form of the curve in a vertical plane such that a heavy bar resting on its 
concave side and on a peg at a given point, (the origin), may be at rest in all positions. 


DIOPHANTINE ANALYSIS. 


| i 113. Proposed by L. C. WALKER, A. M., Graduate Student. Leland Stanford Jr. University, Cal. 


Find the four least integral numbers such that the difference of every two of them 
shall be a square number. 


114. Proposed by J. E. SANDERS, Hackney, O. 
i Find the least integral values (if any) of a, 0, and ¢ that will make 
| 2(a+b+c)+2)/[12ab—3(a+b—c)*] a square number for either sign of the 
radical. 


AVERAGE AND PROBABILITY. 


| 140. Proposed by L. C. WALKER, A. M., Graduate Student, Leland Stanford Jr. University, Cal. 


Obtain the average area of a triangle formed by a tangent to the four—cusped hypo- 
cycloid and the coordinate axes. 


141. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, Ohio. 

Upon a circular table, radius r, a variable square plate is thrown at random. What 

is the probability that the plate will lie wholly on the table? 


MISCELLANEOUS. 


135. Proposed by LON C. WALKER. A. M., Graduate Student, Leland Stanford Jr. University, Cal. 


Find invariants of the second, third, and sixth degrees in the coefficients of a binary 
quartic. 


136. Proposed by W. J. GREENSTREET, A. M., Editor of The Mathematical Gazette, Stroud, Eng. 

(1) Solve (to five places) the equations, sin(#+j-)=10sinz, and 
acos¢log sing—=p where a is small and positive, and p=a+x«, where x is very 
small and « is not very small; (2) If a¢=b@ where a is prime to b, and sind=p, 
sing=q, how many values of q are there for each of p? (8) if 2x=sin—1z, show 
there is only one positive value of z, and find it. ; 
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NOTES. 


Dr. O. D. Kellogg has been appointed instructor in mathematics at Prince- 
ton University. F. 


Sir George Gabriel Stokes, F. R. 8., Lucasian Professor of Mathematics at 
Cambridge, died February Ist, aged 83. D. 


Lawrence Sluter Benson, a tireless disseminator of unsound mathematical 
doctrines, died at Newark, N. J., January 27 F. 


Mr. P. A. Smith has resigned as instructor in mathematics at the Univer- 
sity of Illinois to accept a position in Hiroshina Higher Normal School of Japan. D. 


The College Entrance Examination Board has appointed as examiners in 
mathematics for 1903, Professor Charlotte A. Seott, Professor W. H. Metzler, 
and Mr. J. H. French. F. 


At the University of Texas, Dr. H. Y. Benedict has been advanced to be 
Associate Professor of Mathematics, and Dr. M. B. Porter of Yale University 
has accepted the call to the head of the department. D. 


Mr. W. J.C. Miller, for many years mathematical editor of the Education- 
al Times, of London, died on February 11, at Bristol, England, at the age 
of seventy-one and a half years. For a biography of Mr. Miller see Vol. 3 of 
the MONTHLY. F. 


An announcement has been made of the death on January 31, of Dr. Nor- 
man Macleod Ferres, F. R. 8., Gouville and Caius College, Cambridge, in his 
seventy-fourth year. In 1851 he was senior wrangler and Smith’s prizeman. 
Among his treatises is one on trilinear codrdinates and one on spherical 
harmonics. D. 


BOOKS. ' 


Problems in Astrophysics. By Agnes M. Clerke, Author of ‘‘A History of 
Astronomy During the Nineteenth Century,’’ ‘‘The System of the Stars,’’ and 
other works. 8vo. Cloth, xvi+568 pages. Price, $6.00. London: Adam & 
Charles Black. New York: The Maemillan Co. 

While the object of this interesting and valuable book is not so much to instruct as 
to suggest, yet it admirably sets forth not only many of the problems already solved in 
this field of research, but also points out to those who are engaged in research work in 
Astronomy the many problems yet unsolved. 

The book is divided into two parts,—the first part dealing with ‘‘Problems in Solar 
Physics” and the second part with ‘“‘Problems in Siderial Physics.’’ In the first part, 
among other subjects treated, are the following: The Chemistry of the Sun, the Corona, 
the Sun’s Rotation, and the Solar Cycle. Some of the subjects treated in the second part 
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are, Helium Stars, Hydrogen Stars, & lar Stars, the Evolution of the Stars, Eclipsing Stars, 
and Dark Stars. 

In the first part, 14 topics are considered and in the second, 41. 

The book is one that every astronomer and every one interested in astronomy will 
want to have in his library. F. 


Arithmetic for High Schools, Academies, and Normal Schools. By Oscar 
Lynn Kelso, M. A., Professor of Mathematics, Indiana State Normal School. 
8vo. Leather back, cloth sides. x+274 pages. Price, 60c. New York: The 
Maemillian Co. 

In this book are treated the usual subjects of arithmetic, viz.: Numeration and No- 
tation, Addition, Subtraction, Multiplication, Division, Factoring, Fractions, Involution, 
Evolution, Compound Numbers, Mensuration, Longitude and Time, Percentage, Interest, 
and Stocks and Bonds. The author begins his treatment of Arithmetic with a short dis- 
cussion on the origin of numbers. This will be especially helpful to most teachers. 

The book is well written and the subjects are presented in a simple and logical man- 
ner. This Arithmetic will be greatly appreciated by the progressive teacher. F. 


Introduction to the Theory of Algebraic Equations. By Leonard Eugene 
Dickson, Ph. D., Assistant Professor of Mathematics in the University of Chi- 
cago. 8vo. Cloth, v-+104 pages. Price, $1.25. New York: John Wiley & 
Sons. 

In the preparation of this excellent little work, Dr. Dickson has placed the teacher 
and student of elementary mathematics under great obligation.to him. He has here pro- 
duced a work so simple in its treatment and yet sufficiently comprehensive to enable 
those who desire to gain an insight into that profound and far-reaching branch of modern 
mathematics, the Theory of Groups, to take up the subject with interest and profit. 

The work begins with the solutions of the general Quadratic, Cubic, and Quartic 
Equations. The second chapter deals with Substitutions; the third, with Substitution 
Groups; the fourth, with the General Equation from the Group Standpoint; the fifth, the 
Algebraic Introduction to Galoi’s Theory; the sixth, the Group of an Equation; the sev- 
enth, Solution by Means of Resolvent Equations; the eighth, Regular Cyclic Equations— 
Abelian Equations; the ninth, Criterion for Algebraic Solvability ; the tenth, Metacyclic 
Equations—Galoisian Equations; and the eleventh, An Account of More Technical Results. 
In the Appendix, the Fundamental Theorem of Symmetric Functions is proved and also the 
Theorem: Jf a rational, integral function of x1 , ...., an, with constant coefficients, equals zero, 
it is identically zero. 

We most heartily recommend this work to all who wish to know something about 
the group theory and its applications. F. 


The Elements of Plane Analytic Geometry. By George R. Briggs. Seventh 
Edition, revised and enlarged by Maxime Bocher, Assistent Professor in Har- 
vard University. 12mo. Cloth, v-+191 pages. New York: John Wiley & Sons. 

The present edition justifies its aim to cover the ground of the ordinary first course 
in Analytic Geometry as given in our colleges and technical schools. The additions by 
Professor Bocher are chiefly an elementary account of poles and polars and a brief, but 
satisfactory treatment of the general equation of the second degree. 

There is no index and only a sparse table of contents; this, coupled with a lack of 
headings and display type, make the matter of reference difficult. This may, however, 
prevent the mechanical use of reference formula and encourage the solution ab initio of 
the elementary problems. D. 
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APPRECIATIVE REMARKS ON THE THEORY OF GROUPS. 


By PROF. G. A. MILLER. 


The teacher of mathematics is frequently called upon to make comments 
on various lines of mathematical thought. In doing so it is very desirable to be 
able to make use of remarks by prominent mathematicians. Some of these 
naturally exaggerate the relative importance of a particular subject and their 
true value can only be appreciated when compared with similar remarks on other 
mathematical developments. A number of such collections of appreciative re- 
marks on modern subjects would doubtless prove very useful, especially to those 
who are in doubt as to which field to choose as an object of investigation. 

In a recent German review of Professor Dickson’s Linear Groups,* the 
reviewer aptly remarks that group theory is especially cultivated by the English 
speaking people. As there are very few subjects in pure mathematics in regard 
to which such a remark could be made by one so well informed as Professor 
Loewy, statements with reference to the relative importance of this subject may 
be of especial interest to the English speaking students of mathematics. It may 
be observed that most of the statements given below are dne to mathematicians 
whose native language is not English. 

An important feature of group theory is exhibited by the new International 
Catalogue of Scientific Literature. Three subjects are classed under ‘‘Fundamental 
Notions ;’’ viz., Bases of Arithmetic, General Algebra, and The Theory of Groups. 
As some of the leading mathematicians of the world helped to arrange this eat- 


* Loewy, Archiv der Mctaematik und Physik, Vol. 4, 1903, page 333. 
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alogue, this classification is very significant. The three subjects with which 
group theory has most direct contact according to this catalogue are: Theory of 
Algebraic Equations, Automor hic Functions, and Differential Invariants. 

That there are many ce — r subjects of direct contact may be seen from the 
following quotations: ‘Yi theory of congruences bases itself substantially 
upon the fundamental concept of mathematics, which is already the foundation 
of Poinsot’s method, the concept of group.’’* ‘A large part of the theory of 
numbers is only the theory of abelian groups.’’+ ‘‘It might be said of the most 
important parts of recent geometry that one conception dominates everywhere ; 
that is the conception of the group.’’{ ‘‘The most important of all these view 
points is furnished by the theory of groups, which is really a creation of our 
century and has shown its dominating influence in nearly all parts of mathematies ; 
not only in the recent theories but also far towards the foundation of the subject, 
so that this theory can no longer be omitted in the elementary text-books.’’§ 

‘There are two things which have become especially important for the 
latest development of algebra; that is, on the one hand the ever more dominating 
theory of groups whose systematizing and clarifying influence can be felt every- 
where, and then the deep penetration of number theory.’’|| ‘‘The concepts, 
group and invariant, take each day a more preponderant place in mathematics 
and tend to dominate this entire science.’’§ ‘‘The mathematics of the twenty- 
first century may be very different from our own; perhaps the schoolboy will 
begin algebra with the theory of substitution-groups, as he might now but for 
inherited habits.’’** 

‘‘In fine, the principal foundation of Euclid’s demonstrations is really the 
existence of the group and its properties. Unquestionably he appeals to other 
axioms which it is more difficult to refer to the notion of group. An axiom of 
this kind is that which some geometers employ when they define a straight line 
as the shortest distance between two points. But it is precisely such axioms that 
Euclid enunciates. The others, which are more directly associated with the idea 
of displacement and with the idea of groups are the very ones which he implic- 
itly admits and which he does not deem even necessary to enunciate. This is 
tantamount to saying that the former are the fruit of later experience, that the 
others were first assimilated by us, and that consequently the notion of group 
existed prior to all others.’’ +t 

‘‘Although we can not give here a complete exposition of the fundamental 
results of Sophus Lie in the theory of continuous transformation groups, yet it 
is indispensable that we make some general remarks on this notion of continuous 


* Bachmann, Die Elemente der Zahlentheorie, Vol. 1, 1892, Preface. 

t Frobenius, Sitzungsberichte, 1893, page 627. 

t Maschke, Tue AMERICAN MATHEMATICAL MONTHLY. Vol. 9, 1902. page 214. 

§ Pund, Algebra mit Einschluss dei elementaren Zahlentheorie, 1899, Preface. 

|| Weber, Lehrbuch der Algebra, Vol. 1, 1898, Preface 

q Lie, Le Centenaire de l’ Ecole Normale, 1895, page 485. 

** Newcomb, Bulletin of the New York Mathematical Society, Vol. 3, 1893. page 107. 

tt Poincare, The Monist, Vol. 9, 1898, page 34. On page 41 of the same article Poincare says, ‘*What 
we call geometry is nothing but the study of formal properties of a certain continuous group; so that we 
may say, space is a group.’’ 
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